The neutrino oscillation data are in very good agreement with the tribimaximal mixing pattern: sin 2 θ 23 = 1/2, sin 2 θ 12 = 1/3, and sin 2 θ 13 = 0. Attempts to generate this pattern based on finite family symmetry groups typically assume that the family symmetry is broken to different subgroups in the charged lepton and the neutrino mass matrices. This leads to a technical problem, where the cross-couplings between the Higgs fields responsible for the two symmetry breaking chains force their vacuum expectation values to align, upsetting the desired breaking pattern. Here, we present a class of models based on the semidirect product group (S 3 ) 4 ⋊ A 4 , where the lepton families belong to representations which are not faithful. In effect, the Higgs sector knows about the full symmetry while the lepton sector knows only about the A 4 factor group. This can solve the alignment problem without altering the desired properties of the family symmetry. Inclusion of quarks into the framework is straightforward, and leads to small and arbitrary CKM mixing angles. Supersymmetry is not essential for our proposal, but the model presented is easily supersymmetrized, in which case the same family symmetry solves the SUSY flavor problem.
Introduction
The neutrino mixing angles are now known to some accuracy [1, 2] . A global analysis of data shows (in the standard parametrization of the lepton mixing matrix) [1] 
where the error bars correspond to 1σ variations and the upper limit is at the 3σ level. These values are in good agreement with the tribimaximal mixing pattern given by the leptonic mixing matrix [3, 4] 
where P is a diagonal phase matrix. This matrix corresponds to geometric values of the mixing parameters sin 2 θ 23 = 1/2, sin 2 θ 12 = 1/3, sin 2 θ 13 = 0 (3) which are all in good agreement presently with the experimental values quoted in (1) . It has been known for some time that the tribimaximal mixing pattern of (2) can be obtained using finite family symmetry groups such as A 4 [5, 6, 7, 8, 9, 10, 11, 12, 13, 14] , and others [15] . In the class of models based on A 4 , the standard model (SM) lepton doublets are assigned to triplet representation of A 4 , and the A 4 symmetry is broken to a Z 2 subgroup in the neutrino sector by a triplet Higgs χ, with the vacuum expectation value (VEV) structure χ ∝ (0, 1, 0) or some permutation thereof, and to a Z 3 subgroup in the charged lepton sector by a triplet Higgs φ, with the VEV structure φ ∝ (1, 1, 1) . However, there is a technical problem with this, in that couplings between the Higgs fields χ and φ will force their VEVs to align, upsetting the desired breaking pattern. Several approaches have been adopted in the literature to overcome this vacuum alignment problem. One can introduce more complicated symmetries, and assume that some symmetries are softly broken. Alternatively, one can assume that the symmetry is only approximate, and that non-renormalizable operators are present in the Lagrangian. Supersymmetry helps, since the alignment problem exists in this context only at the cubic level in the superpotential. Care must be taken to ensure that there are no flat directions -a frequent occurrence in SUSY models. The existence of extra dimensions is sometimes assumed, where the two Higgs fields can be separated, thus circumventing the alignment problem. While all of these approaches are interesting, in our opinion, a compelling scenario has not emerged, arising from renormalizable models with exact symmetries realized in the Higgs phase.
In this paper we propose a new approach to address the vacuum alignment problem using semidirect product groups of a type usually not considered, which provides a technically complete picture for tribimaximal lepton mixing. Supersymmetry is not essential, although the 1 idea presented is compatible with SUSY. The symmetries of the model are assumed to be spontaneously (and not softly) broken. Non-renormalizable operators are not necessary, although their existence does not upset the desired VEV structure.
We consider models where the SM lepton families belong to representations of a finite symmetry which are not faithful (that is, not every member of the group is represented by a distinct transformation). In effect, the Higgs sector knows about the full symmetry while the lepton sector does not. Our framework is a renormalizable extension of the standard model with an additional finite family symmetry G × Z 2 , with G = S 4 3 ⋊ A 4 . The rationale for the choice of this group is elaborated in Sec. II. Here we note briefly that S 3 is the smallest nonAbelian group, and that four such factors would allow one to evenly permute them, which is the symmetry operation of A 4 . This enables us to form a non-trivial semidirect product group, which has all the desired properties for solving the vacuum alignment problem. This group contains S 4 3 as an invariant subgroup, so that it will have representations corresponding to the factor group G/S 4 3 ∼ A 4 . The standard model leptons can then be assigned to representations of A 4 , as has been done in the models of Ref. [5, 6, 7, 8, 9, 10, 11, 12, 13, 14] . Neutrino masses are generated by a Higgs field φ, belonging to a Z 2 even 16-dimensional representation of G, while charged-lepton masses are generated by a Higgs field χ, belonging to a Z 2 odd triplet of A 4 . The Z 2 symmetry prevents cubic and non-trivial quartic interactions between φ and χ. In this way, the alignment problem is solved without altering the desired properties of the family symmetry. Inclusion of the quark sector into the framework is straightforward, and leads to arbitrary and small CKM mixing angles. The model can readily be supersymmetrized, as discussed in Sec. VI. In this case the same family symmetry can solve the SUSY flavor problem.
In Sec. II we present our model based on (S 4 3 ⋊ A 4 ) × Z 2 family symmetry. In Sec. III the Higgs potential of the model is analyzed, where it is established that the model has no vacuum alignment problem. Here we also assert, by computing the scalar boson masses, that the symmetry breaking is complete, without leading to any pseudo-Goldston bosons. Sec. IV discusses the lepton mass matrices, and the resulting tribimaximal lepton mixing matrix. In Sec. V we discuss briefly the inclusion of quarks in the framework. Sec. VI discusses supersymmetrization of the model. In Sec. VII we conclude. In four Appendices we provide various technical details: the generators of the group in matrix form, invariants of the group we need, and the calculations of the light charged lepton and neutrino mass matrices.
Model of (S
The gauge symmetry of our model is SU(3) c × SU(2) L × U(1) Y , and we work in its minimal non-supersymmetric version. We extend the gauge symmetry by the finite family symmetry G × Z 2 , where G has the semi-direct product
symmetry is broken at a scale M * which is assumed to be large compared to the EW scale. M * may be identified as the grand unification scale, or it may be an intermediate scale.
Symmetry group
The group A 4 can be described using two generators obeying the relations,
where E is the identity. The irreducible representations of A 4 are one real singlet, two complex singlets, and one real triplet. Table 1 gives X and Y in each of these representations. The S 3 generators, A i and B i obey
The irreducible representations of S 3 are two real singlets and one real doublet. The generators in each of these representations can also be found in Table 1 . The remaining relations defining the full symmetry are
It's easy to see that if
, and B 4 are all represented by the identity matrix, then (5), (6) , and (7) are trivially satisfied, leaving only (4) to be checked. But finding representations obeying (4) corresponds to finding the representations of A 4 , which are given in Table 1 . These representations are used for SM leptons. The character table of S 4 3 ⋊ A 4 is given in Table 2 for completeness. The first four representations listed in Table 2 correspond to the representations of A 4 .
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The leptonic and scalar particle content of the model in is given in Table 3 . In more detail, the SM leptons transform under (S
Here the second entry indicates Z 2 transformation of the field. The A 4 assignment is identical to the one in Ref. [5, 6, 7, 8, 9, 10, 11, 12, 13, 14] . The charged lepton masses are generated by effective interactions involving a real Higgs multiplet χ belonging to a Z 2 odd triplet of A 4 . This involves integrating out multiplets of heavy vector-like fermions, whose masses are at the high scale M * , with the same gauge quantum numbers as right-handed charged leptons. These are
The Yukawa interactions for the charged leptons are given by
where the functions f 2 , g 5 , and g 6 are given in Appendix B. Here H is the SM Higgs doublet. Neutrino Dirac masses are generated by effective interactions involving a real Higgs multiplet φ belonging to a Z 2 even 16-dimensional representation of S 4 3 ⋊ A 4 . This involves integrating out multiplets of heavy right-handed neutrinos, with masses at the high scale M * . These multiplets are N ∼ (3, +1), N ′ ∼ (48, +1), and
Yukawa interactions for the neutrinos are given by
where the functions f 2 , f 3 , f 4 , g 2 , g 3 , and g 4 are given in Appendix B, and where H = iτ 2 H * . Interactions involving χ, such as NNχ and N ′ N ′ χ, are allowed by S 4 3 ⋊ A 4 , but are prevented by the Z 2 symmetry.
As will be shown in the subsequent sections, these leptonic interactions will lead to the desired tribimaximal pattern of mixing, without any vacuum alignment problem. Symmetryinvariant interactions between φ and χ must consist of products of S 4 3 invariants constructed from φ with Z 2 invariants constructed from χ. The 16-dimensional representation to which φ belongs is (2, 2, 2, 2) with respect to S invariant that can be constructed with φ, which is also a 1 of A 4 . So there is no 16 × 16 × 16 × 3 invariant. Thus, there are no cubic invariants involving both φ and χ, and the only quartic invariant containing both is a product of quadratic invariants, which does not generate a VEV alignment problem. However, 16 × 16 × 16 × 16 does contain not only 3 but also 1 ′ and 1 ′′ , so that non-trivial φ 4 χ 2 invariants do exist, but these are non-renormalizable interactions, and are presumably suppressed by the Planck scale. Inclusion of such suppressed operators will have no significant effects on the the desired vacuum structure.
It is vitally important here that the 16 contains only one complete multiplet under the first factor, S 4 3 , of the semi-direct product. If an abelian group were used for the first factor, then a representation that does not mix like this would have to be one-dimensional. But it would be impossible to obtain the symmetry breaking pattern we desire with a one-dimensional representation. (A one-dimensional representation can only break a group to an invariant subgroup, but the Z 2 and Z 3 subgroups of A 4 , referred to in the introduction, that we desire are not invariant.) So, a non-abelian group is required, and S 3 is the simplest non-abelian group. Four factors are used so that a non-trivial semi-direct product with A 4 can be taken.
Higgs potential and its minimum
The potential involving the φ and χ fields has the form
where the functions f 1 , f 2 , g 1 , h 1 , h 2 , h 3 , and h 4 are given in Appendix B.
If the Higgs potential in (11) is to be bounded below, the following constraints on the parameters must be satisfied:
Upon minimizing the potential,
is found to be an extremum for
The Higgs boson masses are found to be
Each mass in the first line occurs once, while those in the second line occur four, eight, two, one, and two times respectively. Assuming (12) , we see that (13) is a local minimum for
The VEV of χ in (13) breaks A 4 to the Z 3 subgroup of A 4 generated by Y . Note also that S 4 3 is left unbroken by χ trivially, but Z 2 is broken. On the other hand, the VEV of φ breaks A 4 to the Z 2 subgroup of A 4 generated by X. Additionally, φ leaves the generators B 1 , B 2 , B 3 B 4 , and A 3 A 4 unbroken. These form the subgroup D 4 × S 3 , with D 4 generated by B 1 , B 2 , and X and with S 3 generated by A 3 A 4 and B 3 B 4 . This VEV also trivially leaves the additional external Z 2 unbroken.
Note that the Higgs potential does not have any accidental global symmetries, which would have resulted in pseudo-Goldstone bosons. We conclude that consistent symmetry breaking can be realized without any vacuum alignment problem. 8 
Lepton masses
The light lepton masses can now be readily inferred from the Lagrangian of (9) and (10), along with the VEV structure of χ and φ given in (13) . The Higgs field χ mixes E L,R with the SM charged leptons in (9) , generating the light charged lepton mass matrix. Upon integrating out E L,R , the Z 3 subgroup of A 4 left unbroken by the VEV of χ forces the light left-handed charged lepton mass matrix to have the form (see Appendix C for details)
The masses are given by
The Higgs field φ mixes the heavy right-handed neutrinos with the light left-handed neutrinos in (10) , generating the light neutrino mass matrix. N ∼ 3 is required because the SM Higgs H only breaks EW symmetry, so that it can only cause left-handed neutrinos to mix with a triplet. Since 3 × 16 = 48, φ ∼ 16 induces mixing between N and N ′ ∼ 48. N ′′ ∼ 8 is needed to remove unwanted accidental symmetries. Upon integrating out the heavy right-handed neutrinos, the Z 2 subgroup of A 4 left unbroken by the VEV of φ (along with an additional accidental Z 2 that is actually part of S 4 [17] ) forces the light neutrino mass matrix to have the form (see Appendix D)
This matrix is diagonalized by
where diagonal P ν is a phase matrix. The light neutrino masses are found to be
Note that the three neutrino masses given in (21) are unrelated. This spectrum allows for normal neutrino mass hierarchy, inverted mass hierarchy, as well as quasi-degenerate neutrinos. The last possibility is realized when the bare mass parameters in (21) are taken to be slightly larger than the VEV v φ .
Eqs. (17) and (20) give the desired form (2) for the mixing matrix
Inclusion of quarks
We have not yet specified how quarks transform under the finite family symmetry. One possibility is to have the quarks not transform under this symmetry at all, in which case the quark sector is exactly like the SM. Another, perhaps more interesting, possibility is to use an assignment analogous to that of the charged leptons,
Then, add additional heavy quark multiplets U L,R and D L,R , transforming as (3, 1, +2/3, 3, +1) and (3, 1, −1/3, 3, +1) respectively under SU (3) 
For the up-type quarks, we obtain the Yukawa Lagrangian
with a similar result for down-type quarks. This gives non-degenerate quark masses but no mixing.
Small and arbitrary quark mixing can be generated from φ by adding additional heavy quark multiplets:
The generators for these representations can be found in Appendix A. Heavy quarks can be added to the down-type sector instead, but to generate mixing it is only necessary to do this for one sector. The up-type Yukawa Lagrangian receives the additional contribution
where the functions f 5 , g 7 , g 8 , and g 9 can be found in Appendix B. In this way, arbitrary quark mixing can be obtained.
Supersymmetrization
Supersymmetrization of the (S 3 )
4 ⋊ A 4 sector of the model is straightforward. Since in a renormaliable SUSY model one uses only quadratic and cubic (and not quartic) invariants in the superpotential, care should be given to ensure that there are no flat directions. The Z 2 factor in the model of Sec. II would prevent a χ 3 invariant. This will leads to flat directions in the cubic superpotential of the SUSY version of the model. If one wishes to avoid increasing the number of Higgs multiplets, the problem can be solved by replacing Z 2 with some other symmetry. So, consider (S (3, 3) . It is easily confirmed that the (3, 3) cubic superpotential has no flat directions. The light charged lepton masses can be generated from this χ by integrating out two sets of heavy vector-like superfields with the same gauge quantum numbers as right-handed charged leptons, transforming as (3, 1) and (3, 3) under (S The SUSY flavor problem can be readily solved by the symmetry G = (S 4 3 ⋊ A 4 ) × A 4 . The SM lepton and quark doublets belong to triplet representations of the A 4 factor group, which would mean that the soft SUSY breaking masses of all three families of sleptons (and similarly squarks) are the same. As for the right-handed sleptons and squarks, the group G does allow the three families to have non-degenerate soft masses. However, there is no mixing in the right-handed slepton mass matrix, which is sufficient to ensure the absence of excessive SUSY flavor violation. Since there is mixing between the right-handed singlet leptons and heavy vector-like leptons of order v χ,φ /M * , adequate suppression of SUSY FCNC would require that v χ,φ be somewhat smaller than M * .
Summary and conclusions
First, we presented a renormalizable non-supersymmetric model based on the finite symmetry (S 4 3 ⋊ A 4 ) × Z 2 , with the SM leptons assigned to representations of A 4 . Neutrino masses are 11 generated by a Higgs field φ belonging to a Z 2 even 16-dimensional representation of S 4 3 ⋊ A 4 while charged-lepton masses are generated by a Higgs field χ belonging to a Z 2 odd triplet representation of A 4 . The additional symmetries, S 4 3 and Z 2 , prevent quadratic and cubic interactions between φ and χ and allow only a trivial quartic interaction that does not cause an alignment problem, addressing the alignment problem without altering the desired properties of the family symmetry. In this way, we are able to explain all aspects of neutrino mixing using only symmetries which are spontaneously broken by the Higgs mechanism.
Appendix A
In this appendix, we give the explicit matrices representing the generators in Eqs. (4)- (7) for each representation used in our model. These matrices will be used for computing the group invariants, given in Appendix B. The generators for 16, in a certain basis, are 
The generators for 16 ′ and 16 ′′ are the same except Y (16 ′ ) = ωY (16) and 16) . The generators for 48 are 
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And the generators for 8 are 
The generators for 6 are
where I is the identity matrix, 
It can be checked directly that each set of matrices respects Eqs. (4)- (7).
Appendix B
In this appendix, we give the symmetry invariants which are used in our model. These can be computed directly from the matrices given in Appendix A. + x 14 y 25 + x 13 y 26 + x 10 y 27 + x 9 y 28 + x 6 y 29 + x 5 y 30 + x 2 y 31 + x 1 y 32 ) 
For our purposes, it suffices to have the 16 × 16 × 16 × 16 and 3 × 3 × 3 × 3 invariants for the case where all four fields are the same.
In this appendix, we show how the neutrino mass matrix is computed. From Appendix B, the term in Eq. (10) that mixes N and N ′ is
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The term that mixes N ′ and N ′′ is We now have 
